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Motivation

Modelling with Quantifiers
Quantifier blasting vs. Quantifier engine

Reduced/Minimal Quantifier blasting vs. Heuristic instantiation
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a#o

Vx| f(x) = f(ca)

Yy | =ply,c3) VE(y) = c
fla)=a

Conclusion
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a#o

Vx | f(x) = f(c1)

vy | =p(y, ) VE(y)=c
f(C4) =C

A

fGT(f,1) D {c1,ca},

fGT(p,1) 20,

vGT(x) = fGT(f,1), Instantiation sets
vGT(y) = fGT(f,1),vGT(y) = fGT(p,1)
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Example

a# e

Vx | f(x) = f(c1)

vy | =p(y, ) VE(y)=c
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Example

ca #

Vx| f(x) = f(c1)

Yy | =p(y, ) VE(y) = a
flea)=a

A

fGT(f,1) D {c1,ca},
fGT(p,1) D 0,
vGT(x) = fGT(f,1),
vGT(y) = fGT(f,1),vGT(y) = fGT(p,1) p Instantiation sets
=

VGT(X) = {Cl, C4}7
vGT(y) ={c,a}t U 0
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Example

a# o

Vx| f(x) = f(ca)

vy | -ply, ) VEy)=c
fla)=a

A

VGT(X) = {Cl, C4}7

Instantiation sets
vGT(y) ={c,a}l U 0

ca# e

f(a) = f(a)

f(C4) = f(Cl)
—p(ci,a3)Vf(la)=c
—p(ca,c3)V f(a) =
fla)=a

inst

Conclusion
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Example
a#c
Vx | f(x) = f(c) M(ci1) =1, M(c2) =2, M(c3) =3, M(cs) = 4
Yy | =p(y, ) VF(y) = 1 ifv=1
flca) =a M(f)(v) =491 ifv=4
2 else
a#a

f(a) = f(a)

f(ca) = f(c1)

—\p(Cl, C3) \2 f(Cl) =0
ﬁp(C4, C3) V f(C4) =
f(C4) =C

M™(c1) =1,M™ () =2,M™(c3) =3, M7 (cs) = 4

Ainst . [ M(F)(v) if v e{1,4}
M) = {M(f)(M(cl)) else
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Example
ca#c
c ;ﬁ ()] f(Cl) = f(Cl)
Vx| f(x) = f(c1) A f(c) = f(a) pinst
Vy | =(y <a) Vf(y) =c —(c1 <a3) Vf(a)=c
flea)=a (s <a3) Vfla)=c
f(C4) =

e What if f or p are interpreted?
e Assume that p is “<",

e A becomes unsat, but At stays sat
e To detect unsat an additional gt, such that —(gt < ¢3), is needed
e Exp. vGT(y) ={c,c,c—1}
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Example
a# o
a#o f(a) =f(a)
Vx| f(x) = f(c1) A flca) = f(a) Ainst
Vy [ =(y <a) VF(y) =c (a1 <) Vf(a) =
flea)=a (s <a3) Vfla)=c
f(ea)=a

fla)=Ff(a)ANf(a)=ca Ac #c = f(a) # e
fla)=fla—1)Af(a—1)=ca=f(a)=c

e What if f or p are interpreted?
e Assume that pis “<",

e A becomes unsat, but A"t stays sat
e To detect unsat an additional gt, such that —=(gt < ¢3), is needed
e Exp. vGT(y) ={c,ca,c—1}
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Example
ca#c
a#o f(a) = f(a)
Vx | f(x) = f(c1) A f(ca) = f(cr) Ainst
Yy | =(y <c3) VE(y) = e —(a <a)Vf(la)=c
flea)=a (s <a3) Vfla)=c
fla)=a

M (c1) =1, M () =2,M'(c3) =0, M (cs) =4, M'(f) =1

e What if f or p are interpreted?
e Assume that p is “<",

e A becomes unsat, but A" stays sat
e To detect unsat an additional gt, such that —(gt < ¢3), is needed
e Exp. vGT(y) ={c,c,c—1}



Approach

Sufficient Ground Term Sets

Definition

Given a variable x in an SMT formula A (in CNF), a set of ground terms
S C H(A)! is sufficient for x w.r.t a theory T if A and A[S/x] are
equisatisfiable modulo 7T .

e H(A) is always a sufficient set of ground terms
(Godel-Herbrand-Skolem)

e H(A) is usually infinite

e When can we find a finite sufficient ground term set for x?

e How can we calculate it?

! #(A) means the Herbrand universe of A
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System of Set Constraints

Given a formula A we construct a system of set constraints S 4
e over ground term set variables vGT(x), for each variable x in A,
e and fGT(f,i), for each function f and argument position /

e The solution of S4 is an assignment

e of ground term sets vGT(x)s, to each set variable vGT (x),
e such that all constraints in S4 hold
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Rules for S 4
i-th i-th
_ xéc G ) EC e E ) EC
CTVGT(x) # 0 "UVGT(x) = fGT(f, 1) T gte fGT(f,i)
i-th
—~ .
R f(--  t[xwn],---)EC
Y HVGT () /x1, - VGT (xn) /xa] C FGT(F, 1)
. op(- . x,--)€C, opd =<, <, > >} Cop(x,y) €C, ope{=,<,<,>,>}
- vGT(x) = oo > vGT(x) =00 vGT(y) =00
. (x<gt)eC . (x>gecC ~ —op(x, gt) € C,where op € {<,>}
©gt+1evGT(x) " gt —1€vGT(x) 3 gt € vGT(x)
. -(x < gt)e C  A(x>gt)eC ~ op(x,gt) € C,where op € {<,>}
" gt— 1€ VvGT(x) gt + 1€ vGT(x) w gt € vGT(x)
—(x=gt)e C (x=gt)eC,xeZ (x=gt)eC,x¢Z
Rpi—m——— Ris: Ria:

gt € vGT(x) {gt —1,gt +1} CvGT(x) ' vGT(x) = oo
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Rules for S 4

i-th i-th
. xEC e, fL T )EC o f(e g e
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Ro:

Rs:

x€C

vGT (x) # 0

op(---,x,---)€C, opg{=,<,<,>,>}
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Rules for S 4

i-th i-th
() EC . F(---, gE, - )EC
"UVGT(x) = fGT(f, 1) T gte fGT(f,i)
i-th

—~ .
(- tlxeal,- ) E€C
tlvGT (x1)/x1, -+ ,vGT (xn)/xa] C fGT(f,1)

Rs:

op(x,y) € C, op€ {=,<,<,>,>}

Re:

Rog:

H

vGT(x) = vGT(x) =0 vGT(y) =

(x<gt)eC . (x>gt)e C ~ —op(x, gt) € C,where op € {<,>}
gt+1evGT(x) " gt —1€vGT(x) 5 gt € vGT(x)

-(x < gt)e C  A(x>gt)eC ~ op(x,gt) € C,where op € {<,>}
gt — 1€ vGT(x) gt + 1€ vGT(x) w gt € vGT(x)
~(x=gt)eC R (x=gt)eCxeL R x=gt) e Cx¢T
gt € vGT(x) B (gt — 1,8t +1} CvGT(x) - vGT(x) = oo
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Calculation of the vGT(x)s,

op(-++ %, )€C, opé {=,<.<,> >} op(x,y) € C, op€ {=,<,<,>,>}

Rs: Rs:
‘ vGT(x) = o0 ° vGT(x) =00 vGT(y) =00

(x=gt)eC,x¢Z

Ria:
" vGT(x) = o0

Two objectives:
e Detection of infinite vGT (x)s, sets
o Direct — by R4 5,14
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Calculation of the vGT(x)s,

i-th ith
—~
Fo ) EC T )EC
Ri: Rs:

vGT (x) = fGT(f,i) tlvGT (x1)/x1,- - ,vGT (xn)/xa] C fGT(f,i)

Two objectives:
e Detection of infinite vGT (x)s, sets

e Direct — by R4’5’14
e Propagation — by Ry 3

C
t{vGT(x)/x] = fGT(f,i)

Sa

i

fGT(g,)) s[vGT(y)/y]

I
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Calculation of the vGT(x)s,

i-th

f(---, gt,--)EC . (x<gt)yeC . (x=gt)e C,xeZ
gt € fGT(F, i) ©gt+1evGT(x) 7 7 {gt—1,gt+1} CvGT(x)

Two objectives:
e Detection of infinite vGT (x)s, sets
e Direct — by Ra 514
e Propagation — by Ry 3
e Calculation/Construction of the vGT(x)s, sets:
e Basic ground terms — by R 6.13
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Calculation of the vGT(x)s,

i-th -
(- t[xwnl,---)EC
t[vGT (x1)/x1, -, vGT(xn)/xn] C fGT(f,i)

Rs:

Two objectives:
e Detection of infinite vGT (x)s, sets
o Direct — by R4 5,14
e Propagation — by Ry 3
e Calculation/Construction of the vGT(x)s, sets:

e Basic ground terms — by R>6.13
e Complex ground terms — by R3

Conclusion
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Eliminable Variables

Theorem (Main Theorem)

Let x be a variable in A with vGT (x)s, # oo, then A and
A[vGT (x)s,/x] are equisatisfiable.

e “=": easy
o “<": If A[vGT(x)s,/x] is satisfiable with a model M, then we

construct a modified model M™ (next slides) and show that M™
satisfies A.
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Construction of M™

Given a model M for the formula A[vGT(x)s,/x], we construct a
modified model M™ as follows:

o M| = M|
e For any constant ¢ € Con, M™(c) := M(c)
e For any interpreted operator op, M™(op) := M(op)

e For any uninterpreted function f,
M™(F)(va:n) = M(F)(mx(f,1)(v1), - -+, mx(F, n)(vn)), where

v if fGT(f,i)s,ZvGT(x)s,
e(F,1)(v) = v, . else I'f v € M(fGT(f,i)s,)
v e M(fGT(f,i)s,) else if v¢Z

v e M(fGT(f,i)s,),s-t. [v—V/| is minimal otherwise
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Optimization: Selected Variable Elimination

Let Vx ‘ (¢(X) \/Vy,z ‘ (P(X,y,Z)) be a formula A,
VGT(2)s, = {a1,---,an},

vGT(y)s, ={b1,...,bm} and

vGT(x)s, = oo. Then eliminating z and y results in A"t

VX| /\ /\ X blaaj

1<i<m1<j<n

o A is still quantified and thus considered by the quantifier engine
e The occurrence increase of x in A"t is nsx m

e Further instantiation of x becomes very costly



Motivation Approach Evaluation Related Work Conclusion

Optimization: Selected Variable Elimination

Definition

Let A be a formula and S = {xq,...,x,} C{x in A| vGT(x)s, # oo} a
set of eliminable variables. The occurrence increase of quantified
variables caused by eliminating all x; in S is defined as:

o loccurr(y, A[vGT (x1)/x1, ..., vGT (xn)/xn])|
€(5):= ;nea;f( loccurr(y, A)| )

e C(S) is our elimination cost function for the variables in S

e Given Cpax, we search for the maximal S such that C(S) < Cpax
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Evaluation: CVC4 vs. CVC4+sufGTc, 100
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Evaluation: Z3 vs. Z3+sufGT¢,  —100
—>— sufGT:100 =
‘ 2‘01

Benchmarks

time-impr  avg-speedup time-out-impr

14/8  9.4x/0.35x 12
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Evaluation: CVC4 — sufGT¢,  — vs. sufGTc, —100
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Evaluation: Z3 — sufGT¢,  —o vs. sufGTc,, —100
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Related Work

Related work

e Array Property Fragment

e Supports a combination of theories, PA for index terms, and EUF for
array terms

e Based on instantiation over ground terms

e The results are restricted to the Array Property fragment
(= subsumed by ours)

e No partial elimination

e Model Based Quantifier Instantiation (MBQI)

e Uses a similar system of set constraints Ag for the ground term sets
(= subsumes ours)

e No upfront calculation of Af

e In theory, a fair enumeration of the (least) solution of Af is proposed

e Uses a (finite) model checker to explore the space of models
incrementally



Conclusion

Conclusion

e A general simplification for quantified SMT formulas
e Detection/Computation of (finite) sufficient ground term sets
e Variable centric
e Proved sound
e Minimality of the constructed sets stays an open question
e Optimization is essential for practical application

e Used the increase of variable occurrences as elimination cost
e Use/Evaluation of other cost functions is possible



Conclusion

Conclusion

e The Experiment results show:

e Some SMT benchmarks contain many eliminable variables w.r.t. our
technique

e The complete variable instantiation may slow down the solvers

e Instantiation plus prioritization shows improvement of time and score.

e Calculation of minimal bounds — future work

e Extension of arbitrary SMTs with quantifier support — future work
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Evaluation: sufGTc,, —~ Vs.

Conclusion

SUfGTCmX:IOO

Using CVC4

Cmax = 00 Cpax = 100
time-imp 37/55 39/32
avg-speedup  49x/0.45x  57x/0.48x
time-out-imp 16/15 15/9

Using Z3

Cmax =00 Cmax = 100
time-imp 11/70 14/8
avg-speedup  10x/0.38x  9.4x/0.35x
time-out-imp 1/2 1/2
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